Abstract. A Foulis-Holland set is a nonempty subset S of an orthomodular lattice such that whenever x, y, z are distinct elements of S one of them commutes with the other two. If 5 is a Foulis-Holland set, then the sublattice generated by S is distributive.
Theorem (Foulis-Holland) .
If any one of a, b or c commutes with the other two, then (x V y) A z = (x A z) V (y A z) and (x Ay)V z = (x\J z) /\{y V z) where {x,y, z) = {a, b, c).
The results cited above are lucidly explained in [1, pp. 167-182] . The following result was proved by E. Marsden [6] in 1972 using complicated formulae involving commutators. The proof was considerably simplified in 1973 by L. Herman [7] . The result has not appeared in the literature and I wish to thank both authors for permission to include a proof of it here. Proof of Lemma. The second statement clearly follows from the first by taking orthocomplements. Moreover, it is a simple computation, using the
Here the right side of the equation is clearly less than the left side. It
We proceed to compute Following Crown [2] we call a nonempty set S C L a Foulis-Holland set provided that whenever a, b, c are distinct elements of S at least one of a, b, c commutes with the other two. The four element set in the hypothesis of the Marsden-Herman Lemma forms a Foulis-Holland set. Crown [2] proved that if S is a Foulis-Holland set which is contained in a modular sublattice of L then the sublattice generated by S is distributive. In the next section we shall prove this result without the modularity hypothesis, thereby answering the question posed by Crown [2] . Thus, in order to prove that \p is an isomorphism, we need only prove that it is onto. This reduces to proving that S C image(»//) and, by symmetry, that sx E image(^). This is trivial for n = 1 ; and, if we assume that it is true for all 1 < k < n, then s2 = V F and t2 = V G for some F, G C 8(AS). Thus Proof. If p, q, r E <5> then there exists a finite set T C S such that/», q, r E <r> C (S}. Thus the verification of distributivity in <S> reduces to its verification in such (T). We therefore may assume that 5 is a finite set. For convenience of notation we shall assume that the sub-ortholattice [S] generated by 5 is L. The proof is by induction on *(S). The result is trivial for #5 = 1. Let *S = k > 1 and assume that all Foulis-Holland sets of cardinality less than k generate distributive sublattices. By Remark 2.1 parts (1) and (2) we may assume that k = 2n and that S = {sx, s2,..., s", tx, t2,..., t") where s, E C(S \ {/,.}) and f, G C(S \ {*,.}), for/' = 1, 2, . . . , n. We conclude by noting that there exist simple examples showing that a distributive sublattice of an orthomodular lattice need not be generated by a Foulis-Holland set.
